By using the prolongation structure theory proposed by Morris, we give a (2+1)-dimensional integrable inhomogeneous Heisenberg Ferromagnet models, namely, the inhomogeneous Myrzakulov I equation. Through the motion of space curves endowed with an additional spatial variable, its geometrical equivalent counterpart is also presented.
Introduction
The Heisenberg Ferromagnet (HF) equation,
which describes the motion of the magnetization vector of the isotropic ferromagnets is an important integrable system. The corresponding integrable inhomogeneous HF equation was derived by Balakrishnan [1] ,
where the linear functions f and h take f = µ 1 x + ν 1 and h = µ 2 x + ν 2 , and the coefficients µ i and ν i , i = 1, 2, are constants. On the basis of the prolongation structure theory of Wahlquist and Estabrook [2] , the integrable deformations of the (inhomogeneous) HF model have been studied in Refs. [3, 4] .
The (2+1)-dimensional integrable extensions of a (1+1)-dimensional integrable equation have been of
interest. For the HF equation (1), several (2+1)-dimensional integrable extensions have been constructed [5] . One of its important integrable extensions is given by
that is the Myrzakulov I (M-I) equation [5] [6] [7] . The M-I equation (3) is geometrical and gauge equivalent to the well-known (2+1)-dimensional focusing nonlinear Schrödinger equation N LS + [6] 
where ψ is a complex function. Recently Morris's prolongation structure theory for nonlinear evolution equation in two spatial dimensions [8] has been successfully applied to analyze equation (3) in Ref. [9] . It is noted that this prolongation structure method is very simple and effective in the investigation of M-I equation. For the inhomogeneous HF equation (2), its (2+1)-dimensional integrable extensions have not been studied so far. The purpose of this paper is to apply Morris's prolongation structure method to construct the (2+1)-dimensional integrable extension of equation (2).
The inhomogeneous integrable M-I equation
In order to investigate (2+1)-dimensional integrable extension of Eq.(2), we introduce a new vector E(S, S x , S y ) and the functions f (x) and g(x) into (3),
where S · S = 1 and S · E = 0. Multiplying Eq. (5) by S and using the restricting relation, S · S t = S · S x = S · S y = 0, we have f = g and f x = g x = 0. It implies that f and g should be the constants. Let us take f = 1 and
where the functions ρ(x), µ(x) and ν(x) need to be determined. Thus equation (5) can be rewritten as
As done in Ref. [9] , we first consider the prolongation structure of (7) when S t = 0. Setting W = S x , T = S y and taking S,T,W, and u as the new independent variables, we can define the following set of two forms,
where a = 1, 2, 3, such that they constitute a closed ideal I = {α i , i = 1, 2, · · · , 14}. Then we extend the above ideal I by adding to it a set of one forms,
where ξ k is prolongation variable. In terms of the prolongation condition, dΩ k ⊂ {I, Ω k }, we obtain the following set of partial differential equations for F k and G k ,
where
By solving (10), we have the following solution,
where X i , i = 1, 2, 3, depend only on the prolongation variables ξ k and have the commutation relation of the su(2) Lie algebra.
Let us turn now to define a set of 3-form α i as follows,
where a = 1, 2, 3, such that they constitute a closed ideal. When these two forms are null, we recover (7).
Then we introduce the following two forms,
where the matrices of A and B depend on the variables (x, y, t) and the form of Ω k is given by (9) , in which λ depends on the variables (x, y, t). It is easily shown that
provided that the matrix H is given by
and
Substituting the expressions (11) of F and G into (15) and (16), we obtain
From Eq. (18), we note that the function ρ(x) take the following expression,
where the coefficients µ 3 and ν 3 are constants. Thus the integrable inhomogeneous M-I equation is
On imposing the reduction ∂ y = ∂ x , equation (20) 
where σ i , i = 1, 2, 3, are Pauli matrices, and the spectral parameter satisfies the nonlinear equation (18) 3. Geometrical equivalent counterpart
By associating with the motion of Euclidean space curves endowed with an extra spatial variable, Myrzakulov et al. showed that the M-I equation (3) is geometric equivalent to the (2+1)-dimensional N LS + [6] . In order to give the geometrical equivalent counterpart of (20), we fist give a brief review on the motion of a curve.
In general, the Serret-Frenet equation associated with a curve is given by t s = kn,
where k and τ are the curvature and torsion of the curve, respectively. This equation can also be rewrite as [9] N s = −ψt,
ds ′ τ ) and the new frame t,N and N * satisfies the relations
The temporal variation of t,N and N * may be expressed as
Multiplying Eq. (25) by N and t and using the relation (24), we have
where R(s, t) is real. Using the compatibility condition, N ts = N st , we get
If the auxiliary function γ and R can be expressed in terms of ψ and its spatial derivations, then equation (27) will provide an evolution equation for the spatial and temporal variation of the curvature and torsion of the curve as expressed through ψ.
Let us identify S with the tangent of a Euclidean space curve and endow the moving curve with an additional spatial variable y. Thus equation (20) becomes
where the subscript x denotes the arc length parameter. On imposing the compatibility condition, t xy = t yx , n xy = n yx and b xy = b yx , we obtain the y-part equation of the tangent, normal and binormal vectors 
Comparing (30) with (26), we get
then substituting γ into (27), we obtain the following integrable evolution equation
It is the inhomogeneous extension of (4). The Lax representation of (32) is given by
